Introduction
The lower polynomials are inextricably linked to the symmetries of polyhedra and Platonic solids [1, 2, 3] , and the quartic is no exception; its alter ego is the regular tetrahedron [4] . In this article we present a solution to the problem of aligning the vertices of a tetrahedron with the roots of a particular quartic. After establishing the size of a quartic-equivalent tetrahedron, we derive a triple-angle expression for the alignment rotation, analogous to that for the cubic [5] . A regular tetrahedron with centroid , circumsphere radius and edge length . Γ is the angle subtended at by an edge.
Since rotational symmetry considerations force us to consider only a regular tetrahedron, let such a tetrahedron have centroid , edge length and circumsphere radius , as shown in Figure 1 . Standard geometric properties we shall use are (a) cos Γ = −1/3, where Γ is the angle subtended at by an edge, (b) √ 6 = 4 , and (c) 4 = 3 .
Let ( ) = 4 + 3 + 2 + + be a quartic with real coefficients ( ̸ = 0) and let ( ) = ( + ) be its reduced form (Figure 2 ), where = − /(4 ). If ( ) and ′ ( ) intersect the -axis in points and ′ respectively, then ( ), with roots ( = 1, 2, 3, 4), can be expressed as [6] (
where
, and ± are the -coordinates of the two points of inflection. Let ( ) be the reduced form of the resolvent sextic with roots ± ( = 1, 2, 3 ). Let the six tetrahedral mid-edge points (isomorphic with the roots of ( ) [6] ) be denoted as ( Figure 2 ).
• 
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Figure 2: Figure 2 shows a reduced quartic ( ) = 4 − 12 2 − 6 + 6 (dashed curve; 2 = 2) with roots aligned with the four vertices of an equivalent regular tetrahedron ( = 3 ). 2 is a point of inflection. The roots ± of the resolvent sextic ( ) [6] are aligned with the mid-edge points which coincide with the vertices of a regular octahedron. Euler's resolvent cubic ( ) [6] has three positive roots . Note that the -coordinate of a vertex is the sum of the -coordinates of the three adjacent , and hence the alignment reveals a 3D representation of Euler's solution [6] ; for example, 3 = 1 + 2 + 3 .
Size
By considering quartic configurations associated with an unambiguous tetrahedron orientation, it is easy to show (Figure 3 ) that the circumsphere radius of a quartic-equivalent regular tetrahedron is 3 .
Orientation
Let the initial (default) configuration of the tetrahedron ( , = 0) be base down with the top vertex 4 (0, 0, 3 ) on the positive -axis, and with vertex 1 (0, −2 √ 2, − ) in the negative half-plane (Figure 4 ). We will regard the rotation + as anticlockwise when viewed from the positive -axis (Figure 4) , since this has the convenience that aligning 4 with a positive quartic root is associated with a positive and vice versa. We will regard the rotation + as clockwise when viewed from 4 (positive -axis).
• Coordinates of the tetrahedral vertices and mid-edge points associated with the initial position ( , = 0) as shown in Figure 4 . The ± are the -coordinates of the mid-edge points (Figure 2) .
Rotation matrix
Mathematically we perform the rotation about the -axis first, and then perform the rotation about the -axis, as then both rotations operate within the same axis frame. Since any subsequent rotation about the -axis leaves the -coordinates of the vertices unchanged, it suffices to consider only these two rotations.
The effect of this rotation sequence can be expressed as a combined rotation matrix as follows, where we adopt the usual convention of writing the first action on the right and the last action on the left. If ( 0 , 0 , 0 ) are the initial coordinates of a point on the tetrahedron (see Table 1 ), then the final coordinates ( , , ) after the sequence of two rotations are given by 
Euler's sign rule
The fundamental connection between tetrahedral geometry and the quartic equation is embodied in a sign rule of Euler [6] , equivalent to
which defines the valid combinations of the ± which generate the quartic roots, and hence links the rotations , to the quartic coefficients. Substituting the initial coordinates (Table 1) of the mid-edge points associated with 4 (and hence with ), namely 14 , 24 , 34 (Figure 2 ), into the relationship (from (2)) = 0 cos cos + 0 cos sin + 0 sin , ∘ . Substituting for , , , ′ into (7) then gives sin 3 ≈ 0·922, and hence ≈ 22·4
∘ . Finally as a check, we can substitute for , , , into (8) or (9) to confirm that the -coordinates of the remaining vertices ( 1 = −2, 2 = −3, 3 = 4) agree with the roots, which they do.
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